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Abstract: In this paper, we study some properties of a special S-acts D(S) = (S X S)g over several
kinds of semigroups. First, we establish relationships between the diagonal S-act D(S) of the
semigroup S and the flatness properties of the diagonal acts D(M(S; A; P)) of the Rees matrix
semigroup M (S; A; P). Then, we show that for semigroups S with local units by (WF)" of
diagonal S-acts. Finally, we ascertain the direct product (S X T,*) is a semigroup when (S,-) and
(T,o) are two semigroups with operation and give flatness properties of diagonal (S X T',*)-act and
we examine additional properties of the diagonal S-acts D(S).
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1 INTRODUCTION

S-acts have been demonstrated to be an invaluable tool in the exploration of monoids from the
perspective of external actions. Moreover, its theory has given birth to the non-additive homological
algebra of monoids. Consequently, it is only logical to pose questions regarding the homological
classification of monoids. In line with the theory of rings and modules, the set of outcomes that
characterize monoids based on the properties of their associated S-acts is referred to as the homological
classification of monoids. The diverse flatness properties, such as projectivity, flatness, weak flatness,
principal weak flatness, and torsion freeness, have been extensively utilized in the homological

classification of monoids (see [9,10]).

In the context where S represents a monoid, the diagonal act over S is invariably defined as the
Cartesian product S X S with the right S-action (s,t)u = (su, tu) for s,t,u € S. Hence,
this act shall be denoted as D (S). A substantial amount of research has been conducted over the past
decade, focusing on the inquiry of when diagonal acts are cyclic or finitely generated (see [3,4,6,7,18]).
The flatness properties of diagonal acts over monoids was made by Bulman-Fleming and Gilmour in
20009, they provided, whenever possible, conditions on a monoid that characterize when its diagonal act
exhibits a particular flatness property and ascertained the degree to which these generally distinct flatness

properties can be differentiated from one another through examples of diagonal acts (see [2]).
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In [14], authors persevere in the study of projective acts and explore the homological classification
of semigroups with local units through the projectivity of their cyclic acts. Of greater significance is that,
in the process of characterizing the intrinsic properties of semigroups with local units through the
flatness attributes (namely, flatness, weak flatness, and principal weak flatness) of their associated acts,
the employment of natural isomorphisms becomes essential. More detail homological classification for

semigroups S with local units by flatness properties of S-acts please refer to [14].

In the domain of ring theory, it is a widely recognized fact that Morita equivalence sustains many
significant properties (see [1]). In fact, Lawson in 2011 has demonstrated that several crucial subclasses
of regular semigroups exhibit Morita invariance, and provided that these semigroups with local units (see
[11,13]). The invariance of the majority of the properties under consideration has been proven under the
circumstance where some type of local units exist within the semigroup. In several cases, a condition of
this sort cannot be done away with. In [11], the study of Morita invariants in semigroups having some
kinds of local units has been initiated, they proved that if S and T are two strongly Morita equivalent
semigroups with weak local units then there is an isomorphism between their lattices of ideals which

takes finitely generated ideals to finitely generated ideals and principal ideals to principal ideals.

The structure of completely simple semigroups has been expounded by D. Rees with reference to
their maximal subgroups. Precisely, a semigroup is regarded as completely simple if and only if it is
isomorphic to a Rees matrix semigroup predicated over a group. Nagy and Toth [16] in 2024 examined
Rees matrix semigroups M (S; A; P) over semigroups S, where /A s an arbitrary non-empty set
and P is an arbitrary mapping of A into S. They provided some theorems on connection between
properties of semigroups and Rees matrix semigroups M (S; A; P)  over semigroups S.

The outline of this paper is as follows. In Sect. 3, we study for semigroups S with local units by
flatness properties of diagonal S-acts. In Sect. 4, we discuss the connection between the diagonal S-act
D(S) of the semigroup S and the flatness properties of the diagonal acts D (M (S; A; P)) of the Rees
matrix semigroup M (S; A; P). In Sect. 5, we ascertain the direct product (S X T,*) is a semigroup

when (S,-) and (T,o) are two semigroups with operation and give flatness properties of diagonal
(S X T,*)-act.

2 PRELIMINARIES
We firstly review the concept of unitary. A right S-act Ag is called unitary if AS = A. The term
““Morita context" was adopted in the semigroup case by Talwar in [20]. A unitary Morita context is a
six-tuple (S, T,s Pr,r Qs,0,¢9) , where S and T are semigroups, sPr Eg Actr and
7Qs Er Actg are unitary biacts, and
0:s (P Q1 Q)s 25 Ss, ¢ (Q Qs P)r =1 Tr
are biact morphisms such that, forevery p,p’' € P, q,q' € Q,
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PR p' =pdp(@®p), 90 ®q)=d(qRp)q’.

Semigroups S and T are called strongly Morita equivalent, if there exists a unitary Morita context
(S, T,s Pr,r Qg,6,¢) such that the mappping 8 and ¢ are surjective.

Next, we will introduce the types of local units that are required.

DEFINITION 2.1 ([19]) A semigroup S is said to have local units if, for any s € S, there exist
idempotents (not necessarily unique) e, f € E(S) suchthat es = s = sf.

DEFINITION 2.2 ([11]) A semigroup S is said to have common weak local units if, for any
S,t €S thereexists U € S suchthat S = su and t = tu.

In [14], the concept of S-acts over semigroups is defined. Recall that a nonempty set A is called a
right S-act (or right act over semigroup S ), if there is a mapping from A X S to A, which maps
(a,s) to as, such that a(st) = (as)t forall a € A, s,t € S. We denoted this right S-act by
As. The collection of all right S-acts, together with the S-homomorphisms, forms the category of right
S-acts, which we denote by Act — S.

DEFINITION 2.3 ([15])  For any semigroup S, a right S-act Ag is called firm if the mapping
Ua:A RS — A, a ® s = as is bijective. A semigroup S is called firm if it is firm as a right
S-act. The category of all firm right S-acts is denoted by FAct — S.
In the category FAct — S, flatness, weak flatness and principal weak flatness are formulated and
readers can refer to [\cite{L-K-Z-2021}] for more details and related characterizations of these
definitions.
LEMMA 2.4 ([14]) Let A € UAct—S and BES—act. Then a®@ b=a' Q b’' for
any a,a’ € Ag, b,b' € B if and only if there exist aq,::,a, €A, by,*:+, b, €
B, sq,t1,"**, Sy, ty € S such that
a=as,
a.ty =a,s, S1b=tib,

ayt; = azSs  Syb, = tybs

apt, =a Spb, = t,b'.
And we will use the next conditions for an S-act Ag over semigroups which appeared in [12].

Aright S-act Ag is said to satisfy Condition (P), ifforany a,a’ € Ag, s,s' €S,as=a's
then implies that there exist @'’ € Ag, u,v € S suchthat a = a’’u, @’ = a”’v and us = vs’.
A right S-act Ag is said to satisfy Condition (E), if forany a € Ag, s,s’' € S, as = as’, then
implies that there exist a’ € Ag, u € S suchthat a = a'u, us = us’'.

3 THE DIAGONAL S-ACTS OVER REES MATRIX SEMIGROUPS

In this subsection, we will attempt to discuss the connection between the diagonal S-act D (S) of
the semigroup S and the flatness properties of the diagonal acts D(M(S; A; P)) of the Rees matrix
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semigroup M (S; 4; P).
THEOREM 3.1 Let R = M(S; A; P)be a Rees matrix semigroup over a semigroup S. Then the
diagonal R-act D(R) satisfies Condition (P) if and only if the diagonal S-act D(S) satisfies
Condition (P).
PROOF  Assume that (a,b)P(A)s = (a’,b")P(A)s’' € D(S) for any a,a,b,b,s,s €
S, A€ A. Then aP(A)s = a'P(A1)s’, bP(A)s = b'P(A)s’, imply that
((a, D), (b, D))(s,$) = (@', D), (b, D))(s",§) € D(R).
Since the diagonal R-act satisfies Condition (P) , there exist ((a”,1),(b", 1)) €
D(R), (u,4), (v, A) € R, such that
((a, 1), (b, 1)) = ((a", 1), (", D)) (u, D),
(@, 1), (0", 1) = ((a", 1), (", D)) (v, D),
And (u,A)(s,&) = (v, 1)(s',&). And so
(a,b) = (a",b")P(A)u,
(a’,b") = (a",b")P(L)v,

And P(A)us = P(A)vs'. Therefore, the diagonal S-act D (S) satisfies Condition (P).
Conversely, assume that ((a,A),(b,1))(s, &) = ((a’, 1), (b',A)(s',&) € D(R) . Then
aP(A)s = a'P(A)s’, bP(1)s = b'P(A)s’. We get
(a,b)P(A)s = (a’,b")P(A)s’ € D(S).

Since the diagonal S-act D(S) satisfies Condition (P), there exist (a’’P(A),b"P(A)) €
D(S), u,v € S, such that

(a,b) = (a”"P(1),b"P(D)u,

(@,b") = (@"P(A),b" PO,

And uP(1)s = vP(A)s’, and hence

((a, D), (b, 1) = ((a", ), (0", D) (u, D),

(@', ), (b, 1) = ((a", D), (B", D) (v, D),
And  (u,A)(s,8) = (v, 1)(s', &), Thus, the diagonal R-act D(R) satisfies Condition (P).
THEOREM 3.2 Let R = M(S; A; P) be a Rees matrix semigroup over a semigroup S. Then the
diagonal R-act D(R) satisfies Condition (E) if and only if the diagonal S-act D(S) satisfies
Condition (E).
PROOF Assume that (a, b)P(A1)s = (a,b)P(A)s' € D(S) for anya, b,s,s' €S, 1 € A.
Then aP(A)s = aP(A)s’, bP(1)s = bP(A)s’, it follows that

((a, 1), (b, ) (s,$) = ((a, 1), (b, D))(s",$) € D(R).
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Since the diagonal R-act D(R) satisfies Condition (E), there exist ((a’,A),(b’,1)) €
D(R), (u,A) € R, such that

((a, D), (b, 1)) = (@', 1), (b, 1)) (u, 1),
And (u,1)(s, &) = (u,A)(s',&). So we get

(a,b) = (a’,b")P(Du,

And P(A)us = P(A)us’. Thus, the diagonal S-act D(S) satisfies Condition (E).
Conversely, assume that ((a,A), (b,1))(s, &) = ((a,A),(b,1)(s',§) € D(R) for any
a,b,s,s' €S, 1,& € A. Then aP(A)s = aP(A)s’, bP(A1)s = bP(A)s’. It follows that

(a,b)P(A)s = (a’',b")P(A)s' € D(S).
Since the diagonal S-act D(S) satisfies Condition (E), there exist (a'P(A),b'P(1)) €
D(S), u € S, such that

(a,b) = (a'P(1),b’P(M)u,

And uP(A)s = uP(4)s’. And hence

((a, D), (b, 1)) = (@', 1), (b, 1) (u, 1),
And (u,A)(s,é) = (u,)(s', &), Therefore, the diagonal R-act D(R) satisfies Condition (E).
DEFINITION 3.3 A right S-act Ag is said to satisfy Condition (PWP), if for any a,a’ €
Ag, s €S, as =a's, then implies that there exist a'’ € Ag, u,v €S such that a =
a’u,a =a"v and us = vs.
THEOREM 3.4 Let R = M(S; A; P) be a Rees matrix semigroup over a semigroup S. Then the
diagonal R-act D(R) satisfies Condition (PWP) if and only if the diagonal S-act D(S) satisfies
Condition (PWP).
PROOF Assume that (a,b)P(1)s = (a’,b")P(1)s € D(S) foranya,a’,b,b’,s €S, 1 €
A.Then aP(A)s = a’'P(A)s, bP(1)s = b'P(A)s, imply that

((a, 1), (b, D))(s,$) = ((a", ), (b, D))(s,$) € D(R).

Since the diagonal R-act D(R) satisfies Condition (PWP), there exist ((a'’',4),(b", 1)) €
D(R), (u, 1), (v, 1) € R, such that

((a, 1), (b, ) = ((a", 1), (", D)) (u, D),

(@, ), (0", 1) = ((a", 1), (", D)) (v, D),
And (u,A)(s,&) = (v,4)(s,€). And so
(a,b) = (a",b")P(Du,
(a’,b") = (a",b")P(Dv,

And P(A)us = P(A)vs'. Thus, the diagonal S-act D (S) satisfies Condition (PWP).

Conversely, assume that ((a,A),(b,A))(s,&) = ((a, ), (b,, MN)(s,§) €ED(R) . Then
aP(A)s = a’'P(A)s, bP(A)s = b'P(A)s. It follows that
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(a,b)P(A)s = (a',b")P(1)s € D(S).
Since the diagonal S-act D(S) satisfies Condition (PWP), there exist (a"’P(1),b""P(1)) €
D(S), u,v € S, such that
(a,b) = (a”"P(1),b"P(D))u,
(a',b") = (a"P(1),b"P(A))v,
And uP(A)s = vP(4)s. We get
((a, 1), (b, 1)) = ((a”, 1), (b", 1)) (u, ),
((a’, ), (b, ) = ((a”, ), (b", D) (v, D),
And (u,A)(s,&) = (v,4)(s,€), Thus, the diagonal R-act D (R) satisfies Condition (PWP).
THEOREM 35 Let R = M(S; A; P) be a Rees matrix semigroup over a semigroup S. Then the
diagonal R-act D(R) is principally weakly flat if and only if the diagonal S-act D(S) is also
principally weakly flat.
PROOF  Assume that (a,b)P(A)s = (a',b’")P(A)s for any a,a’,b,b',s €S, L€ A.
Then aP(A)s = a’'P(A)s, bP(1)s = b'P(A)s, it follows that
((a, 1), (b, ))(s,6) = (@', 1), (b", D)) (s,§) € D(R).
Since the diagonal R-act D(R) is principally weakly flat, implies ((a, 1), (b,1)) ® (s,§) =
(@, ), b, )R (s,6)eD(R) QR(s,é) , by [14, Lemma 21], there exist
((ay,4), (b1, 2)), -+, ((ai-1, ), (bi—1, 1)) €
D(R), (uy,4),, (U, A), (51,81),++, (51, i) € R, such that
(ug, )(s,$) = (5,%)
(@A), (b)), A) = ((an, ), (b, D) (51,6 (e (5, €) = (51, 6)(5,)
((ay, 1), (by, ))(uz,A) = ((az, A1), (b2, 1))(52,$2) (U3, A)(s,¢) = (52,$2)(5,$)

((@i-1, ), (bi—1, D)) (Ui-1, 1) = ((@", 1), (b, D)(s1,61)  (5,6) = (51,§:)(s,8)
So we obtain
uP(D)s =s

(a,b)P(Duy = (ay,b1)P(A)s1  uP(A)s = s1P(§1)s
(a1, b))P(Duy = (az, b)P(D)sz  uzP(A)s = s,P($2)s

(@i—1, bi—1)P(Du;—1 = (a’, b)P(D)s; s =5:P($)s
Thus, (a,b) @ P(A)s = (a’,b") ® P(A)s holdsin D(S) @ Ss. Therefore, the diagonal S-
act D(S) isalso principally weakly flat.
Conversely, assume that

((a, 1), (b, ) (s, 1) = ((a, 1), (b", 1)) (5, 1) € D(R).
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for any a,a’,b,b’',s €S, 1,é € A. Then aP(1)s = a'P(A)s, bP(A)s = b'P(A)s, it
follows that
(a,b)P(A)s = (a’,b")P(A)s € D(S).
Since the diagonal S-act D(S) is also principally weakly flat, implies (a,b) @ P(1)s =
(a',b") @ P(A)s € D(S) ® Ss, by [14, Lemma 2.1], there exist (a4, b,),**, (a;—1,b;i—1) €
D(S), y1,***,¥i»S1,**,S;) € §, such that
yiP(D)s =s

(a,D)P(D)y, = (a1, b1)P(D)sy  y.P(A)s = s1P(A)s
(a1, b1)P(D)y, = (az, ba)P(A)sy  y3P(A)s = s,P(A)s

(@i-1,bi—1)P(D)yi-1 = (@', bY)P(D)s; s =sP(D)s
We get

v (s =(s,4)
((a, 1), (b, )y, 1) = ((a, ), (b, D) (51,4 (¥2,)(5,4) = (51, D)(5, 1)
((a1,4), (b, D)) (¥2, 1) = ((az, 1), (b2, D)) (s2,4)  (¥3,A)(5,4) = (52,1)(5, 1)

((ai-1,4), (b1, D) Wi—1, D) = (@', ), (B, D)) (s, 1) (5,4 = (5, D)(s, 1)
Thus, ((a,4),(b,1)) ® (s,4) = ((a’,1),(b", 1)) ® (5,4) holds in D(R) @ R(s,1) .
Therefore, the diagonal R-act D (R) is principally weakly flat.

4 THE DIAGONAL ACTS OVER SEMIGROUPS WITH LOCAL UNITS

In Morita theory, the research on Morita invariants is extremely crucial, as it reflects the special
relationship between semigroups S and T. During the study of diagonal acts, we have obtained an
interesting conclusion, that is, the cyclicity invariants of the diagonal acts of strongly Morita equivalent

semigroups with common joint weak local units. Next, we will present a simple and direct verification.

PROPOSITION 4.1  Let Sand T be semigroups with common joint weak local units. If Sand T are
strongly Morita equivalent and the diagonal S-act D (S) is cyclic, then the diagonal T-act D(T) is
also cyclic.

PROOF Take t;,t, € T. There exist u,v € T such that t; = ut,v, and t, = ut,v. Let
qu qv € Q, PPy € P, such that u = ¢(q, @ pu), v = $(qy @ py) . Since H(py ®
t19,), 0(py Q t.q,) €S, D(S) is cyclic, there exists 8(p, @ tq,),0(p, Qt'q,) €S,
suchthat (6(py & t1Gy), 0(Py @ t2q,)) = (6(pu & tqy), 0(py @ t'qy,))S. Putting s =
6 (p & q). The rest is straightforward checking:

(t1, t2) = (utyv,utyv) = (P(qu Q@ PIt19(gy Q Py), ¢ (qu Q P29 (qy X py))
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= (¢(qu Q@ Pud(t19y Q@ Py)), $(qu Q PuP(t2qy Q Py)))
= (¢(qu ® 0(pu @ t19,)Py), $(qu Q 0(Ppy @ t2G,)Py))
= (¢(qu ® 6(pu ® tqy)spy), P(qu & O(py & t'qy)sPy))
= (¢(qu @ 6(pu ® t9,)0(p Q@ q)py), P(qu & O(py & t'q,)0(p
® Opv))
= (¢(qu @ 0(py ® tq,)pP(q @ pv)), P(qu @ 6(pu @ t'q,)pP(q
® pv)))
= (¢(qu @ pud(tqy @ P)P(q @ pv)), P(qu @ PuP(t'qy ® P)P(q
® pv)))
= (9(qu @ P)tP(qy @ P)P(q & Pv), P(qu @ )t P(qr @ P)P(q
® pv))
= (utg(q, @ P)¢(q ® py), ut'¢(q, @ P)p(q & py))
= (ut,ut’)(p(q, @ P)P(q & py)) € (ut,ut’)S
Soweget T X T = (ut,ut")T, thatis, D(T) is cyclic.
DEFINITION 4.2 A left S-act A € FAct — S is called locally cyclic, if for any
aq, 0, Eg A thereexists z Eg A such that aq,a, € Sz. A locally cyclic left ideal of S is called
locally principal.
For any semigroup S, an S-act Ag is called (WF)', if the functor Ag @g¢— preserves all
monomorphisms from left ideals of S of the form | = Ss U St, sz = tz(s,t,z € S) into S.
According to [8], it is mentioned that A¢ € FAct — S is (WF)' if as = a't and sz = tz for
a,a’ € Ag and s,t,z€ S imply a @ s =a’ @t in the tensor product Ag Qg (Ss U St).
Then we see every (WF)' right S-act is principally weakly flat.
PROPOSITION 4.3  Forany semigroupSand A € FAct —S.Then Ag is (WF)',ifand only

if it is principally weakly flat and satisfies Condition (W py): If as = a't,sz =tz for

a,a’ € Ag and s,t,z € S, then there exist a’’ € Ag, w € Ss N St such that as = a't =
a’'w

PROOF Suppose that Ag is (WF)', and let as = a't, s,t,z € S. By assumption, a @ s =
a' @t in the tensor product Ag ®g (SsUSt). Thus there exist Sq,::*,Sk, tq,, tx €
S, uq, o, u ESsUSE, aq, - ,a5-1 € Ag

Siuq1 =S

asq = a1t1 SoUy = t1u1

a1Sy = Axt;  S3uUz = tu,

Ar_1Sk = a,tk t = tkuk.
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Let i be the first index such that u; € St. If i=1, then s = squy € St, and so s = vt, for some
v € S, thus we can take w = s and a’’ = a. Suppose now that i>1. Then u;_; € Ss, and since

by the above tossing s;u; = t;j_qUj_1, then w = s;u; € SsN St and soas = as u; =
aitiuy = = @;_1SU; = a;_1w, thus Condition (W py) holds for @ = a;4. It is

obvious that Ag is principally weakly flat because Ag is (WF)'.
Conversely. Let as = a't, sz =tz for a,a’ € Ag, s,t,z € S. Since Ag satisfies Condition

(W wry), thereexist a”" € Ag, w,v € S suchthat as = a”(us), a't = a"(vt) and us =

vt. Since Ag is principally weakly flat we have a @ s = a"'u @ s € Ag Qs Ss,and a’ ®
t=a"vRteEA;QRQsSt . Hence, a@s=ad"u@s=a"Qus=a" Kvt =
aAd'vQ@t=a" @t in As s (Ss U St).

DEFINITION 4.4 A semigroup S is said to finitely (WF)' coherent semigroup, If finite products
of acts which satisfying Condition (WF)' satisfy Condition (WF)'.

LEMMA 45  The diagonal S-act D(S) satisfies Condition (WF)" if and only if D(S) is
principally weakly flat, and forany s,t,z € S, sz = tz, either the leftideal Ss N St of Sisnon-
empty or is locally principal.

THEOREM 4.6 A semigroup S is finitely (WF)" coherent if and only if the diagonal S-act
D(S) (8™ n > 1) satisfies Condition (WF)'

PROOF  Suppose that the diagonal S-act D (S) satisfies Condition (WF)' , and we consider the
following two S-acts Ag and Bg which satisfying Condition (WF)' . Since D(S) is principally
weakly flat, (Ag X Bg) ,too. Thus, we only need to verify (Ag X Bg) satisfies Condition

(W(WF)’)- Let (a,b)s = (a’,b")t and sz = tzforany a,a’ € Ag, b,b' € B, s,t,Z € S,

from Ag and Bg which satisfying Condition (WF)' , there exist a’’ € Ag,b"" € Bg and
u,v € SsNSt, x,y €S such that u = xw, v =yw. Therefore, (a,b)s = (a’,b’)t =

(@"u,b"v) = (a"x,b"y). So, (As X Bs) satisfies Condition (W ). It follows from that

(As X Bs) satisfies Condition (WF)" , and draw a conclusion according to an inductive process.
Thus, we naturally obtain the following Corollary.

COROLLARY 4.7 LetS be a semigroup. The diagonal S-act D(S) satisfies Condition (WF)' if
and only if for any a,b,s € S, as = bs, implies (1,a) ® s =(1,b) s € D(S) ® Ss
and for x,y,z € S, xz = yz, Sx N Sy if nonempty, is locally principal.

5 THE DIAGONAL ACTS OVER FINITE DIRECT PRODUCT SEMIGROUPS

Now let (S,-) and (T,o) be two semigroups, for any s1,s, € S, tq,t, € T, direct product
(S X T,*) with operation

731
Vol: 2025 | Iss: 02 | 2025



Computer Fraud and Security
ISSN (online): 1873-7056

(S1,t1) * (S2,t2) = (51 S, t1 © t3),
Then (S X T,*) is also a semigroup.
PROPOSITION 5.1 Let (S,) and (T,0) be two semigroups. Then the diagonal (S X T)-act
D(S X T) is principally weakly flat if and only if both the diagonal S-act D(S) and the diagonal T-
act D(T) are principally weakly flat.
PROOF Suppose that the diagonal (S X T)-act D(S X T) is principally weakly flat, we claim
that both the diagonal S-act D(S) and the diagonal T-act D (T') are principally weakly flat. In fact,

we firstly prove that the diagonal S-act D(S) is principally weakly flat. The case of the diagonal T-act
D(T) issimilar. Let (s,5)u = (s',s")u € D(S),u € S,and (t,t) € D(T), v € T. Then

((s,0),6,0)* wv) =((s,0,(s",0) * (w,v) € D(S X T).
By assumption, the diagonal (S X T)-act D(S X T) is principally weakly flat, from [14, Lemma
2.1], there exist ((st),(5,€)) € D(SXT), (p;,q), (xi,y) ESXT,i =12,k

such that

Py, q1) * (W) = (u,v)
((S' t), (5, t)) * (p1,q1) = ((51't1)' (51, f1)) * (X1,¥1) (P2, q2) * (W, v) = (x1,¥1) * (W, v)
((51: t1), (51'f1)) * (D2, q2) = ((Sz'tz)' (52,52)) * (X2, ¥2)  (03,93) * (W, v) = (x2,¥2) * (W, v)

(k=1 trm1)s Grm1 tk=1)) * (P qi) = ((s7,0), (8", ©)) * (o Vi) (w,v) = (g, yie) * (W, v)
Then, we get

pLruU=1u
(5,5) -p1 = (51,51) " x4 P2-Uu=Xx1-U
(51,51) " p2 = (52,52) " x Pz u=Xx-UuU
(S—1,5k-1) " P = (8',5") - xy U=Xg- U

Thus, (5,5) Qu=(s",s") @u € D(S) ® Su. Therefore, the diagonal S-act D(S) is
principally weakly flat.

Likewise, suppose that (t,£) ov = (t',t')cv € D(T), vET and (s,5) € D(S), u € S.
Then

((s,0), Gs, f)) x (w,v) = ((s,t)), (s, f’)) * (u,v) € D(S X T).

Thus, the diagonal T-act D(T') is also principally weakly flat.

Conversely, suppose that

((s,0),5,D) * (wv) = ((s",t),(s",£)) * (w,v) € D(S X T).

732
Vol: 2025 | Iss: 02 | 2025



Computer Fraud and Security
ISSN (online): 1873-7056

Then (s,5) -u=(s",s")-u€eD(S), (t,t)ov = (t',t")ov € D(T). Since the diagonal
S-act D(S) and the diagonal T-act~ D (T)are principally weakly flat, from [14, Lemma 2.1], there
exist n € Nand p;,x; €S, (s;,5;,) € D(S), u€S,i=1,2,--,n such that

prru=1u
(5,5) - p1 = (51,51) " x4 P2-uUu=X1-U
(s1,51) " p2 = (52,52) - x2 Pz u=x U
(Sp—1,8n-1) " Dn = (s',s") - Xn U=xp-u

and there exist m € N and q;,y; € T, (t;,t;) € D(T),v € T,i = 1,2,-+-,m such that

g ov="v
(t, D) oq = (ty,E) oy, q2°V =Yy,°V

(t,t) oqy = (tp, ) oy, qz3°V =Y°V

(tm-vtm-)oqm={"t)oyn  V=yuov
So, we consider the following three cases:
Casel: If n = m, then have
(1, q1) * (W, v) = (W, v)
((5' t), (5, f)) * (P1,q1) = ((51'151)' (1, 51)) * (X1,¥1) (P2, 92) * (W, v) = (x1, y1) (W, v)
((51't1)' (51,51)) * (D2,q2) = ((52. t2), (52,52)) * (X2, ¥2) (P, q3) * (W, v) = (x2,¥2) * (u,v)

((sn—l' tn—l)» (S'n_l, f71—1)) * (pn: qn) = ((S’, t’), (S_’, t_,)) * (xn' yn) (u, 17)
= (tn, yn) * (0, v)
Thus,

((s,6),3,0) ® (wv) = ((s,t),(s,£)) ® (w,v) ED(S X T) ® (S X T)(u,v),

well done.
Case 2: If n > m, then
(P1,q1) * (w,v) = (u,v)
((S, t), (5, E)) *(p1,q1) = ((51't1), (51'51)) * (X1, Y1) (P2, q2) * (W, v) = (x1,y1) * (W, v)
((51;t1)z (51:51)) * (P2, q2) = ((Sz:tz). (52'52)) * (x2,¥2) (p3,q3) * (W, v) = (x2,¥2) * (W, v)

(Gm-vtm-1), Gm-1,tm-1)) * @my @) = (Gmrt), Gy ) * oY) P D) * (W, v)
= (X, ym) * (W, v)
((Sm' t’), (§ml t_’)) * (pm' qm) = ((Sm+1, t’), (§m+1r t_’)) * (xm+1r 1) (pm+2! 1) * (u' ‘U)

= (xm+1v 1) * (u, 17)
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(Gn1,t"), Gror, ) * (P, 1) = ((s7,£7), (87, £)) * (2, 1) (wv) = (xp, 1) * (W, v)
Thus, ((5,0),6G,D)® wv) =((s"t),(,t))Q (w,v) EDEXT) ® (S x

T)(u, v).
Case 3: If n < m, the same as the Case 2.
Therefore, the diagonal (S X T)-act D(S X T) is principally weakly flat.
PROPOSITION 5.2 Let (S,-) and (T,0) be two semigroups. Then the diagonal (S X T)-act
D(S X T) satisfies Condition (E") if and only if both the diagonal S-act D (S) and the diagonal T-
act D(T) satisfy Condition (E).
PROOF  We prove that the diagonal S-act D(S) satisfies Condition (E). Suppose that
(51,52) € D(S), s,s' € S,andforany (ty,t;) € D(T),suchthat (51,5;) 5 = (51,52) S’
Then have

((s1,t1), (52, 1)) * (5, 1) = ((51,t1), (52, t1)) * (5, 1).
By assumption, there exist ((sq,t1),(53,t3)) € D(S X T) and (x,y) € S X Tsuch that

((s1,t1), (s2,t1)) = ((s1, £1), ($2,82)) * (%, ¥), (x,¥) * (s, 8) = (x, ) * (s', 1).
Thus, we get
(51,S2) =(s1,83) - x, x-s=x-5".

Therefore, the diagonal S-act D(S) satisfies Condition (E).
Similarly, suppose that for any (t;,t;) € D(T), t,t' € Tand (s1,5;) € D(S), such that
(ty,t) ot = (tq1,ty) o t', it follows that

((s1,t1), (S1,82)) * (s,8) = ((s1,t1), (51, t2)) * (s, 7).
So, the diagonal T-act D(T') also satisfies Condition (E).
Conversely, assume that S,5.,p,P1 €S, t,t1,9,q1 €T, ((5,t),(51,t1)) ED(S X
T), (p,q),(P1,q1) €S X T, such that

(s, 1), (51, t)) * (P, q) = ((5, 1), (51, t1)) * (P1, G1)-
Then, we have

(s, ) * (0, q) = (5, 0) * (P1,91), (51,t1) * (0, @) = (51, t1) * (P1, 91),
So, S*p=S:p,teq=toqq, S1 P =S1"°P1, t1 ©q =ty © q;. Since the diagonal S-act
D(S) and the diagonal T-act D(T) satisfy Condition (E) , there exist (s’,s;) €
D(S), (t',t;) € D(T), u € S, v € T,~such that
(s,51) = (s',s1) " u, (L,t1) = (', t1) o v,

and
U-p=u-p;,veq=7veq.
Thus, we get
((S' t)' (51; tl)) = ((S,' t,)' (Sil ti)) * (u' ‘U),
and
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(w,v) * (9, q) = (W, v) * (P1, q1),
where
((s",t"),(s1,t1) ED(S XT), (u,v) €S XT.
PROPOSITION 5.3 Let (S,) and (T,0) be two semigroups. Then the diagonal (S X T)-act
D(S X T) satisfies Condition (P) if and only if both the diagonal S-act D (S) and the diagonal T-
act D(T) satisfy Condition (P).
PROOF  We prove that the diagonal S-act D (S)satisfies Condition (P). Suppose that for any
(51,52),(51,52) € D(S), s,s" €S, (t1,t1) € D(T), such that (51,52) s = (s1,53) - s'.
Then
((s1,t1), (52, 1)) * (5, 8) = ((s1, 1), (52, 1)) * (s', 1).

By assumption, there exist ((s1,t1),(s7,t5)) € D(S X T), (x,y),(x',y") € S X T such
that

((s1,t1), (52, t1)) = ((s1, £1), (52, £2)) * (%, )

((s1,t1), (s2,t1)) = ((s1, 1), (52, 82)) * (x',¥")
and

(6 y) * (s,t) = (x',y) * (s, 1),
Thus, we get

14 rn !

(s1,52) = (s1,82) - %, (s1,82) = (51,82) -x', x-s = x" - 5",
So, the diagonal S-act D (S)satisfies Condition (P).

Similarly, assume that (ty,t;),(t1,t3) € D(T), t,t' €T and (51,51) € D(S), (t1,t;) ©
t = (ty,t3) o t', such that

(51, t1), (51, £2)) * (5,8) = ((51,t1), (51, £2)) * (5, ).

Therefore, the diagonal T-act D(T') satisfies Condition (P).

Conversely, for s,51,8,s,p,P1 €S, t,ty,t',t1,9,q1 €
T, ((s,t), (s1,t1)), ((s',t"), (s1,t1)) ED(S X T), (P, @), (p1,q1) € S X T, such that

((s,0), (s1,t1)) * (P, q) = ((s",¢"), (51, £1)) * (P1, q1)-
Then

(s, 0)x (@) = (st * (P, q0),
(s1.t) * (P, @) = (s, t1) * (P, q1),
So,weget Sp=S"-p,toq=t'oqy, S;-P=5S1-p; and t; o q =ty o qy. Thus,
(s,51) p=(s,s1) P, (L) eoq=(tt1)eqs
Since the diagonal S-act D(S)and the diagonal T-act D(T)satisfy Condition (P), there exist
(s",s{) € D(S), (t",t{) € D(T), u,u’ €S, v,v' €T such that

(s,51) = (s",s1) - u, (s',s1) = (s",81) -0,
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(tt) =" t1)ov, (t't1) =" t{) v
and
u-p=u-p;, veq="v'eq,
it follows from that
((S' t), (Slf tl)) = ((S”' t”)' (S{,' t{,)) * (u' 'U),
("8, (s t) = (87, t7), (1, &) * W', v"),

and

(w,v) *(p,q) = W, v') * (p1,91)-

Recall that in [17], let S and T be two semigroups, a:S — End (T )be a homomorphism from S
to the semigroup of endomorphisms acting on T. For each s € S, t € T, we will denote by t° the
element of T. The semi-direct product S X, T of Sand Tistheset S X T with multiplication of
pairs defined by the rule

S
(s1,t1) (52, t2) = (8152, t;%t7).

THEOREM 5.4 Let S and T be two semigroups. If the diagonal (S X, T)-act D(S %, T) is
principally weakly flat, then the diagonal S-act D(S) and the diagonal T° — actD(T®) are
principally weakly flat, where T¢ = {t®|t € T,e € E(S)}.

PROOF  Suppose that the diagonal (S X, T)-act D(S X, T) is principally weakly flat. We
firstly verify the diagonal S-act D(S) is principally weakly flat. Let (s,5)u = (s’,s")u €
D(S),u € Sand t,v € T. Then we have

((s,0), 5, )(w,v) = ((s,0),(s",t))(w,v) € D(S x4 T).

According to [14, Lemma 2.1] and principally weakly flatness, there exist ((sl-, t;), (S, t_l)) €
D(S =, T),(pi,q:), (xi,y;) €S>, T,i =1,2,-++,n such that

(P10 (W v) = (W, v)
((S' t)' (3:' t))(le Ch) = ((51: tl)l (§1' fl))(le yl) (pZ' qZ)(u: 17) = (le yl)(u, 17)
((51;t1): (5’1’51))(172"12) = ((Sz.tz); (52,52))(952;3/2) (p3, q3) (W, v) = (x2,y2) (u, v)

((Sn—lﬂ tn—l): (§n—1' fn—l))(pn' qn) = ((5" t): (S_’: t))(xnt yn) (u' 17) = (xn' yn)(u' U)

We obtain

riu=u

(s,8)p1 = (51,51)x; p2u = x1u
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(s1,5)p2 = (52,5,)x; p3U = Xu

(Sp—1,8n-1)Pn = (S',S_')xn u = XpU.
So we have (5,5) @ u=(s",s") @u € D(S) ® Su, Thus the diagonal S-act D(S) is
principally weakly flat.
On the other hand, let (t8,t¢)v = (z%,2°)v € D(T®),v €T and s,e € S. Then we have

((s,1), (s, D) (e,v) = ((5,2),(5,2))(e,v) € D(S 2, T).

There exist ((sit), (55, t)) ED(S Xy T), 02, Pr» X1, ***» Xyp—1 €
S,q%, .95, V1, ¥ € T® such that
(e,q1)(e,v) = (e,v)
(s, 1), (s, ) (e, 1) = (51, t1), (51, £1)) (30, ¥5) (P2, a2) (e, v) = (x1,y1)(e, V)
(51, t1), Gu t))@2,03) = (52, t2), (52, £2)) (%2, ¥5)  (3,q3)(e,v) = (x2,¥2) (e, v)

(Gn-1 tn=1), G, ta-))Pn, 45) = ((5,2), (5, 2)) (e, ¥5)  (e,v) = (e, yn)(e, v)
Then, it follows that

e

qlv =7
—e —
(t,t)qf = (t, t)YT q3v = yiv
(t1, t1)q5 = (t2, t2)ys q5v = y5v
(tn—l' tn—l)qg = (Ze'Ee)yﬁ v = yﬁv.

So (t%,t) @ v =1(2%2°) Q v ED(T?) ® Tev. Thus, the diagonal T¢ — act D(T?®) is
principally weakly flat.

The wreath product of semigroups is also used as a diagonal act, but it is still unclear whether the
diagonal acts on the wreath product of semigroups also has the above properties, which has become the

next aspect that we need to study.
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